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Abstract  We study singular integrals associated with variable surfaces of revolution  We





  We prove the L
p
boundedness of the singular integral for    p    assuming
that a certain lower dimensional maximal operator is bounded on L
s





 boundedness for fractional integrals associated with surfaces of revolution 
  Introduction










be the unit sphere in R
n
with the Lebesgue surface measure d  Let x be a homogeneous function of degree zero
on R
n
















We study singular integrals associated with variable surfaces of revolution Suppose bt
is a bounded function on R

 ft  R 	 t   g We consider the following singular integral
operator with rough kernel	
  Tfx x
 














where f is a test function y
























such that the singular integral  
exists
Two lower dimensional maximal functions with respect to the function 
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where Z denotes the set of all integers













































 for all   p 











    in CF Chen
and Fan extended Chens result to the case 
t x
 
  t for which they merely required
that 





 see also KWWZ On the other hand if 
t x
 
   T
becomes the wellknown singular integral operator which was initially dened in Calderon
Zygmunds pioneering work CZ and later extensively studied by many authors Readers
can see Ch F DR FP  et al among numerous papers in this topic It is known
in FP  if 
t x
 







is the Hardy space on the sphere It should be noted that the space L log

L which
appeared in the original work of Calderon and Zygmund CZ contains L
q
for q   and is
a proper subspace of H
 
on the unit sphere Inspired by the result in FP  very recently
Lu Pan and Yang obtained the following theorem see also FS for an alternating proof
Theorem A LPY FS  Let 
t x
 
  t be realvalued and continuously dierentiable
on  and satisfy
jt j  Ct
 













 for   p   provided
that M






In the case m     under a condition which is slightly weaker than b  L

 Fan and




t     
m
t
The signicance of the above mentioned papers is that the kernel in the singular integral




 However we found that all the papers
with rough kernel conditions in literature consider only the case 
t x
 
 independent of x
 





 In this paper being inspired by a recent paper CSWW by Carbery Seeger




for m    we study such topics
Our rst main result in this paper is to establish the following theorem




 satises   If M















t then by duality we can get the conclusion of Theorem  for all
  p 
The proof of Theorem  modies some ideas in DR Since we need to use the atomic
decomposition of Hardy spaces we will carefully adopt some estimates obtained in FP
In order to combine the ideas in DR and FP we also need to obtain some new estimates
After reviewing the denition of the Hardy space and giving some known lemmas in Section
  we will present the proof of Theorem  in Section  In Section  we will study fractional





boundedness for the fractional integral I
 



















We also get a result for a fractional integral associated with a variable surface of revolution
In this paper we do not intend to pursue the study of boundedness of M

 What we
emphasize is to establish certain theorems which say that under some very mild condition









lower dimensional space R
m 
 Thus one can automatically obtain an L
p
boundedness
theorem on T as soon as a new theorem on M










and its relevant operators have been extensively
studied by a number of authors See SW for a survey of results through  and more
recently Wn Ne NVWWn NVWWn  NVWWn C C  C CaW Ca







is a very new topic see CSWW
Throughout this paper the letter C will denote a positive constant that may vary at
each occurrence but is independent of the essential variables
 Hardy space on the sphere and some lemmas
We rst recall briey the denition of the Hardy space H
 
on the sphere Remember
 DASHAN FAN AND SHUICHI SATO
that the Poisson kernel on S
n 



























is the surface area of S
n 

































































 has an atomic decomposition
see Co or CTW which will be reviewed below
A qatom is an L
q






































 with the mean zero property 






 where the a
j












Remark    An L
q
function  on S
n 
satisfying   and   is called an L
q
block
For a nonzero   
 









     

n





     
n
 in the rest of this paper
Suppose n     and a	 is anatom on S
n 







in   Let n    and
F
a















where y  S
n
 Then we have the following estimates for F
a

Lemma    Up to a constant factor independent of a	 F
a
s is anatom on R
 
  More













































Suppose n    and a	 is an atom on S
 






























By a proof similar to that of Lemma   we have
Lemma    Up to a constant factor independent of a	 f
a
s is a qatom on R where
q is any xed number in the interval     The support of f
a



















 is as in Lemma   
Lemma   and Lemma    are Lemma   and Lemma    in FP
 Proof of Theorem  



































being an atom Therefore to prove the L
p







where C is independent of the atom a
j

For simplicity in our argument we denote a
j
by a and B
j
f by Bf Also without loss
of generality we may assume that suppa is the ball B 
S
n 
 where         
and Bx r denotes the closed ball in R
n
with center at x and radius r
Let I
k





























































We have the following estimates on FT
k
f
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Lemma   If 





















































Proof  We will only prove the case n    since we can prove the case n    essentially in
the same way using Lemma    instead of Lemma  
For any xed   R
n
   we choose a rotation O such that O  jj 








     y

n



























































































s is the function dened in Lemma   By Lemma   without loss of
generality we may assume that F
aO
  
is a qatom on R
 





















s is a qatom

































  Ff x
 




















































































































which proves  of the lemma





































































































A is the Fourier transform of A about the svariable So by the Hausdor!Young







































































 we prove  in the lemma





































by checking the proof of Lemma  we can easily obtain
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Lemma    Suppose that 





































































 minq    If n    then for any     q

 there
































The constant C in 

 is independent of  k f and  
In proving Lemma   the following observation is useful
Lemma   




   q   Put












































 the case n     and




































































































































" d  implies the second assertion This completes the proof of Lemma 
Proof of Lemma    By checking the proof of Lemma  and applying Lemma  we
can easily obtain  and 

 To prove 


















































































































if r is suciently close to   Now for any      q

 x an s    such that r  ss




we easily obtain 







be a smooth partition of unity in









 satisfying supp#  fx 	    jxj   g   #x   and #x  c   if

















  for all t  
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Note that the operators S
j
depend on the linear transform A

 But by checking the proof
of the classical LittlewoodPaley theory see St one easily sees that the constant C in
 and 

 is independent of A































































































































































































































 we easily complete the proof of Theorem  by applying
interpolation to the results  So it remains to prove  Now by  and



































































































































































































































































































































































































with C independent of y

 For each xed y

 choose a rotation R such that Ry

  
       Let R
 







  gRx x
 























































































































































































































Obviously the above constant C is independent of y































































































































































for all r  
Now  

 follows by interpolating between  and 
We note that to prove the L






 Thus we have the following	




 satisfying   If 











The examples of surfaces 
t x
 
 whose maximal operators 






can be found in CSWW
As an application of the proof of Theorem  we can have a result for a variable kernel
Let x x
 




which is homogeneous of degree zero






















Let b be a bounded function on R

 We consider a singular integral of the following form	
 Tfx x
 

















 is a suitable function such that the principal value integral exists for test functions
f 
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Corollary    Let   p    and pp   r   Suppose x x
 
























































 can be regarded as an atom on S
n 
 by the proofs of Lemmas  and  

























Therefore by the proof of Theorem  to complete the proof of the corollary it suces to




















































is dened as in  Then by applying the interpolation argument in the




 boundedness of the



























































where C is independent of x
 





































This completes the proof
Remark   For r   let $
r






















Then by checking the proof in Theorem  we can replace the requirement of b being




 Unbounded functions with a




In this section we study fractional integrals I
 





























 q    Put q
 
 minq   as above  Suppose n   
















































Proof  Choose a smooth partition of unity f#
j
g as in the proof of Theorem  Dene
























































































 jj   
j 
g
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Therefore Theorem   follows from  and  in the case n    The proof of the case
n    is similar we skip the proof















































Let q   and q
 















































































































Then we have the following	












 for all s    If
i n    nn   r    and     

 or





iii n    nn   r    and     

 or
































f is dened as in   by using 
t in place of 
t x
 

































if j  








































f is dened as in Remark  by using 
t in place of 
t x
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f By FJW we know that R
 
has the &lift'



















































































with r  p n
Theorem  the case n    now is proved by interpolating  






 and  Thus it remains to show  Specically it suces to show








































































If r     let s  r 











































































































































































By Holders inequality we obtain that

















































 boundedness of M






























Thus   follows from  and 
If   r      can be proved by duality see also FS











































































































are uniformly comparable for all
   Thus under the hypotheses of Theorem  we have 
By checking the proof of Theorem  it is easy to see that the operator norm of I
 
depends
on the function 
 only through the operator norm of M

 So we have the following	
 DASHAN FAN AND SHUICHI SATO
























  If q p r and  satisfy the conditions














with C being independent of the coecients of the polynomial P 
For the boundedness of M

in the case where 
t  Pt see St  pp 














for instance see DL and its references There are also several interesting papers for
studying fractional integrals along curves We refer to the recent paper SeW by Seeger and
Wainger as well as references therein Seeger and Wainger treat the general nondegenerate
hypersurface case and obtain sharp bounds for the associated fractional integrals Our case
is di!erent from their case in two aspects First their integral contains a cuto! function
so that the singularity at the innity disappears Secondly there is no rough kernel in their
integral
We also want to point out that in this paper we are only able to obtain estimates under
a narrow range of  Clearly it will be interesting to know if one can extend the results to
all    n
Acknowledgment  The authors would like to thank the referee for pointing out a
mistake in Theorem  in an earlier version of the paper
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